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BOUNDS FOR RADII OF STARLIKENESS OF SOME q-BESSEL FUNCTIONS
I˙BRAHI˙M AKTAS¸ AND A´RPA´D BARICZ⋆
Abstract. In this paper the radii of starlikeness of the Jackson and Hahn-Exton q-Bessel functions are
considered and for each of them three different normalization are applied. By applying Euler-Rayleigh
inequalities for the first positive zeros of these functions tight lower and upper bounds for the radii of
starlikeness of these functions are obtained. The Laguerre-Po´lya class of real entire functions plays an
important role in this study. In particular, we obtain some new bounds for the first positive zero of the
derivative of the classical Bessel function of the first kind.
1. Introduction
Let Dr be the open disk {z ∈ C : |z| < r} with radius r > 0. Let A denote the class of analytic
functions f : Dr → C, which satisfy the normalization conditions f(0) = f ′(0) − 1 = 0. By S we mean
the class of functions belonging to A which are univalent in Dr and let S∗ be the subclass of S consisting
of functions which are starlike with respect to origin in Dr. The analytic characterization of this class of
functions is
S∗ =
{
f ∈ S : Re
(
zf ′(z)
f(z)
)
> 0 for all z ∈ Dr
}
.
The real number
r∗(f) = sup
{
r > 0
∣∣∣∣Re
(
zf ′(z)
f(z)
)
> 0 for all z ∈ Dr
}
is called the radius of starlikeness of the function f . Note that r∗(f) is the largest radius such that
the image region f(Dr∗(f)) is a starlike domain with respect to the origin. For more information about
starlike functions we refer to Duren’s book [17] and to the references therein.
Now, consider the Jackson and Hahn-Exton q-Bessel functions which are defined as follow:
J (2)ν (z; q) =
(qν+1; q)∞
(q; q)∞
∑
n≥0
(−1)n ( z2)2n+ν
(q; q)n(qν+1; q)n
qn(n+ν)
and
J (3)ν (z; q) =
(qν+1; q)∞
(q; q)∞
∑
n≥0
(−1)nz2n+ν
(q; q)n(qν+1; q)n
q
1
2
n(n+1),
where z ∈ C, ν > −1, q ∈ (0, 1) and
(a; q)0 = 1, (a; q)n =
n∏
k=1
(
1− aqk−1) , (a, q)∞ = ∏
k≥1
(
1− aqk−1) .
It is known that the Jackson and Hahn-Exton q-Bessel functions are q-extensions of the classical Bessel
function of the first kind Jν . Clearly, for fixed z we have J
(2)
ν ((1− z)q; q)→ Jν(z) and J (3)ν ((1 − z)q; q)→
Jν(2z) as q ր 1. The readers can find comprehensive information on the Bessel function of the first kind
in Watson’s treatise [25] and properties of Jackson and Hahn-Exton q-Bessel functions can be found in
[18, 19, 21, 22] and in the references therein. The geometric properties of some special functions (like
Bessel, Struve and Lommel functions of the first kind) and their zeros in connection with these geometric
properties were intensively studied by many authors (see [1, 2, 3, 4, 5, 6, 7, 9, 10, 11, 12, 13, 14, 15, 16,
20, 23, 26]). Also, the radii of starlikeness and convexity of some q-Bessel functions were investigated in
[8]. In some of the above mentioned papers it was shown that the radii of univalence, starlikeness and
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convexity are actually solutions of some transcendental equations. In addition, it was shown that the
obtained radii satisfy some inequalities. On the other hand, it was proved that the radii of univalence
and starlikeness of some normalized Bessel and Struve functions of the first kind coincide. Most of above
papers benefited from some properties of the positive zeros of Bessel, Struve and Lommel functions of
the first kind. Also, the Laguerre-Po´lya class LP of real entire functions, which consist of uniform limits
of real polynomials whose zeros are all real, was used intensively (for more details on the Laguerre-Po´lya
class of entire functions we refer to [8] and to the references therein). Motivated by the earlier works,
in this study our aim is to obtain some lower and upper bounds for the radii of starlikeness of some
normalized q-Bessel functions. The results presented in this paper complement the results of [8] about
the radii of starlikeness and extend the known results from [2] on classical Bessel functions of the first
kind to q-Bessel functions. As in [8] we consider three different normalized forms of Jackson and Hahn-
Exton q-Bessel functions which are analytic in the unit disk of the complex plane. Because the functions
J
(2)
ν (.; q) and J
(3)
ν (.; q) do not belong to A, first we consider the following six normalized forms as in [8].
For ν > −1,
f (2)ν (z; q) =
(
2νcν(q)J
(2)
ν (z; q)
) 1
ν
, ν 6= 0
g(2)ν (z; q) = 2
νcν(q)z
1−νJ (2)ν (z; q),
h(2)ν (z; q) = 2
νcν(q)z
1− ν
2 J (2)ν (
√
z; q),
f (3)ν (z; q) =
(
cν(q)J
(3)
ν (z; q)
) 1
ν
, ν 6= 0
g(3)ν (z; q) = cν(q)z
1−νJ (3)ν (z; q),
h(3)ν (z; q) = cν(q)z
1− ν
2 J (3)ν (
√
z; q),
where cν(q) = (q; q)∞
/
(qν+1; q)∞. In this way, all of the above functions belong to the class A. Of course
there exist infinitely many other normalization for both Jackson and Hahn-Exton q-Bessel functions, the
main motivation to consider these six functions is the fact that their limiting cases for Bessel functions
appear in literature, see for example [16] and the references therein.
2. Bounds for the radii of starlikeness of some normalized q-Bessel functions
In this section our aim is to present some tight lower and upper bounds for the radii of starlikeness
of the above mentioned six normalized forms of the Jackson and Hahn-Exton q-Bessel functions. In
particular, we obtain some known and new bounds for the first positive zero of the first derivative of
the classical Bessel function Jν . We note that the implicit representation of the radii of starlikeness
considered in this section were found in [8].
Theorem 1. Let ν > 0. Then the radius of starlikeness r∗
(
f
(2)
ν (z; q)
)
of the function
z 7→ f (2)ν (z; q) =
(
2νcν(q)J
(2)
ν (z; q)
) 1
ν
is the smallest positive root of the equation r · dJ (2)ν (r; q)/dr = 0 and satisfies the following inequality
4ν
(
qν+1 − 1) (q − 1)
qν+1(ν + 2)
<
(
r∗
(
f (2)ν (z; q)
))2
<
4ν(ν + 2)
(
qν+1 − 1) (qν+2 − 1) (q2 − 1)
qν+1 ((ν + 2)2(1 + q − qν+2)− 2ν(ν + 4)q2 + (ν2 + 4ν − 4)qν+3) .
It is worth to mention that by multiplying by (1− q)−2 both sides of the above inequality and taking
the limit as q ր 1 for ν > 0 we obtain
(2.1)
4ν(ν + 1)
ν + 2
<
(
j′ν,1
)2
<
4ν(ν + 1)(ν + 2)2
ν2 + 8ν + 8
,
which were obtained earlier by Ismail and Muldoon [20]. Here j′ν,1 is the first positive zero of J
′
ν .
Theorem 2. Let ν > −1. Then the radius of starlikeness r∗
(
g
(2)
ν (z; q)
)
of the function
z 7→ g(2)ν (z; q) = 2νcν(q)z1−νJ (2)ν (z; q)
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is the smallest positive root of the equation r · dJ (2)ν (r; q)/dr − (ν − 1)J (2)ν (r; q) = 0 and satisfies the
following inequalities
2
√
(qν+1 − 1)(q − 1)
3qν+1
< r∗
(
g(2)ν (z; q)
)
< 2
√
3(qν+1 − 1)(qν+2 − 1)(1− q2)
qν+1(9q − 9qν+2 + qν+3 − 10q2 + 9)
and
2 4
√
(qν+1 − 1)2(1− qν+2)(q − 1)2(q + 1)
q2ν+2(9q − 9qν+2 + qν+3 − 10q2 + 9) < r
∗
(
g(2)ν (z; q)
)
<
2
3
√
3(1− qν+1)(qν+3 − 1)(q − 1)
(q + 1)qν+1
q1∗(ν),
where
q1
∗(ν) =
(q3 + 2q2 + 2q + 1)(9q − 9qν+2 + qν+3 − 10q2 + 9)
aν(q) + bν(q)
,
aν(q) = −9qν+2 − 12qν+3 − 21qν+4 + 3qν+5 + 6qν+6 + qν+7 + 9q2ν+5 + 3q2ν+6,
bν(q) = 3q
2ν+7 + q2ν+8 + 18q + 3q2 − 6q3 − 15q4 + 7q6 + 9.
Note that by multiplying by (1 − q)−1 both sides of the above inequalities and taking the limit as
q ր 1 for ν > −1 we obtain the first two inequalities of [2, Theorem 1], namely:
(2.2) 2
√
ν + 1
3
< r⋆(ϕν) < 2
√
3(ν + 1)(ν + 2)
4ν + 13
and
(2.3) 2
4
√
(ν + 1)2(ν + 2)
4ν + 13
< r⋆(ϕν) < 2
√
(ν + 1)(ν + 3)(4ν + 13)
2(4ν2 + 26ν + 49)
,
where r⋆(ϕν) stands for the radii of starlikeness of the normalized Bessel function
z 7→ ϕν(z) = 2νΓ(ν + 1)z1−νJν(z).
Theorem 3. Let ν > −1. Then the radius of starlikeness r∗
(
h
(2)
ν (z; q)
)
of the function
z 7→ h(2)ν (z; q) = 2νcν(q)z1−
ν
2 J (2)ν (
√
z; q)
is the smallest positive root of the equation r · dJ (2)ν (r; q)/dr − (ν − 2)J (2)ν (r; q) = 0 and satisfies the
following inequalities
2(1− q)(1 − qν+1)
qν+1
< r∗
(
h(2)ν (z; q)
)
<
4(qν+1 − 1)(qν+2 − 1)(1− q2)
qν+1 (2q − 2qν+2 + qν+3 − 3q2 + 2)
and√
8(qν+1 − 1)2(1− qν+2)(q − 1)2(q + 1)
q2ν+2 (2q − 2qν+2 + qν+3 − 3q2 + 2) < r
∗
(
h(2)ν (z; q)
)
<
4(qν+1 − 1)(qν+3 − 1)(q3 − 1)
qν+1
q2
∗(ν),
where
q2
∗(ν) =
2q − 2qν+2 + qν+3 − 3q2 + 2
cν(q) + dν(q)
,
cν(q) = 4q
ν+2 + 3qν+3 + 7qν+4 − 6qν+5 − 5qν+6 + 3qν+7 − 4q2ν+5 + q2ν+6,
dν(q) = q
2ν+7 − q2ν+8 − 8q + q2 + 5q3 + 9q4 − 6q6 − 4.
Here we would like to emphasize that by multiplying by (1− q)−2 both sides of the above inequalities
and taking the limit as q ր 1 for ν > −1 we obtain the first two inequalities of [2, Theorem 2], namely:
(2.4) 2(ν + 1) < r⋆(φν) <
8(ν + 1)(ν + 2)
ν + 5
and
(2.5)
4(ν + 1)
√
ν + 2√
ν + 5
< r⋆(φν) <
4(ν + 1)(ν + 3)(ν + 5)
ν2 + 8ν + 23
,
where r⋆(φν) stands for the radii of starlikeness of the normalized Bessel function
z 7→ φν(z) = 2νΓ(ν + 1)z1− ν2 Jν(
√
z).
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Theorem 4. Let ν > 0. Then the radius of starlikeness r∗
(
f
(3)
ν (z; q)
)
of the function
z 7→ f (3)ν (z; q) =
(
cν(q)J
(3)
ν (z; q)
) 1
ν
is the smallest positive root of the equation r · dJ (3)ν (r; q)/dr = 0 and satisfies the following inequality
ν(1 − q)(1− qν+1)
q(ν + 2)
<
(
r∗
(
f (3)ν (z; q)
))2
<
ν(ν + 2)(1− q2)(1 − qν+1)(1 − qν+2)
q ((1 + q)(1− qν+2)(ν + 2)2 − 2ν(ν + 4)q(1− qν+1)) .
Multiplying by (1 − q)−2 both sides of the above inequality and taking the limit as q ր 1 for ν > 0
we obtain the following inequality
(2.6)
ν(ν + 1)
ν + 2
<
(
j′ν,1
)2
<
ν(ν + 1)(ν + 2)2
ν2 + 8ν + 8
.
Theorem 5. Let ν > −1. Then the radius of starlikeness r∗
(
g
(3)
ν (z; q)
)
of the function
z 7→ g(3)ν (z; q) = cν(q)z1−νJ (3)ν (z; q)
is the smallest positive root of the equation r · dJ (3)ν (r; q)/dr − (ν − 1)J (3)ν (r; q) = 0 and satisfies the
following inequalities√
(1− q)(1− qν+1)
3q
< r∗
(
g(3)ν (z; q)
)
<
√
3(qν+1 − 1)(qν+2 − 1)(q2 − 1)
q(9qν+3 − qν+2 + q − 9)
and
4
√
(qν+1 − 1)2(q − 1)2(qν+2 − 1)(q + 1)
q2(9qν+3 − qν+2 + q − 9) < r
∗
(
g(3)ν (z; q)
)
<
√
(q − 1)(qν+1 − 1)(qν+3 − 1)
3q(q + 1)
q3∗(ν),
where
q3
∗(ν) =
(9qν+3 − qν+2 + q − 9)(q3 + 2q2 + 2q + 1)
sν(q) + rν(q)
,
sν(q) = 6q
ν+2 − 12qν+3 − 20qν+4 − 12qν+5 + 6qν+6 + q2ν+5,
rν(q) = 3q
2ν+6 + 3q2ν+7 + 9q2ν+8 + q3 + 3q2 + 3q + 9.
Multiplying by (1− q)−1 both sides of the above inequalities and taking the limit as q ր 1 for ν > −1
we obtain the following inequalities
(2.7)
√
ν + 1
3
< r⋆(ϕν) <
√
3(ν + 1)(ν + 2)
4ν + 13
and
(2.8)
4
√
(ν + 1)2(ν + 2)
4ν + 13
< r⋆(ϕν) <
√
(ν + 1)(ν + 3)(4ν + 13)
2(4ν2 + 26ν + 49)
.
Theorem 6. Let ν > −1. Then the radius of starlikeness r∗
(
h
(3)
ν (z; q)
)
of the function
z 7→ h(3)ν (z; q) = cν(q)z1−
ν
2 J (3)ν (
√
z; q)
is the smallest positive root of the equation r · dJ (3)ν (r; q)/dr − (ν − 2)J (3)ν (r; q) = 0 and satisfies the
following inequalities
(1− q)(1− qν+1)
2q
< r∗
(
h(3)ν (z; q)
)
<
(q2 − 1)(qν+1 − 1)(qν+2 − 1)
q(q − qν+2 + 2qν+3 − 2)
and
(q − 1)(qν+1 − 1)
2q
√
2(qν+2 − 1)(q + 1)
q − qν+2 + 2qν+3 − 2 < r
∗
(
h(3)ν (z; q)
)
<
(qν+1 − 1)(qν+3 − 1)(1− q)
q(q + 1)
q4
∗(ν),
where
q4
∗(ν) =
(q − qν+2 + 2qν+3 − 2)(q3 + 2q2 + 2q + 1)
q + q2 − q3 − 4− 5qν+2 + 3qν+3 + 10qν+4 + 3qν+5 − 5qν+6 − q2ν+5 + q2ν+6 + q2ν+7 − 4q2ν+8 .
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Multiplying by (1− q)−2 both sides of the above inequalities and taking the limit as q ր 1 for ν > −1
we obtain the following inequalities
(2.9)
ν + 1
2
< r⋆(φν) <
2(ν + 1)(ν + 2)
ν + 5
and
(2.10) (ν + 1)
√
ν + 2
ν + 5
< r⋆(φν) <
(ν + 1)(ν + 3)(ν + 5)
ν2 + 8ν + 23
.
It is important to mention that by making a comparison among of above obtained inequalities we
have that the left-hand side of (2.6) is weaker than the known result of Ismail and Muldoon, stated as
the left-hand side of (2.1). However, the right-hand side of (2.6) improves the known result of Ismail
and Muldoon, stated as the right-hand side of (2.1). On the other hand, the left-hand side of (2.7) is
weaker than the left-hand side of (2.2), while the right-hand side of (2.7) improves the right-hand side
of (2.2) Also, the left-hand side of (2.8) is weaker than the left-hand side of (2.3), while the right-hand
side of (2.8) improves the right-hand side of (2.3). Finally, the left-hand side of (2.9) is weaker than the
left-hand side of (2.4). However, the right-hand side of (2.9) improves the right-hand side of (2.4). Also,
the left-hand side of (2.10) is weaker than the left-hand side of (2.5), while the right-hand side of (2.10)
improves the right-hand side of (2.5).
3. Proofs of main results
In this section we are going to present the proofs of our main results.
Proof of Theorem 1. In view of [8, Theorem 1] we know that the radius of starlikeness of the function
f
(2)
ν (·; q) is the smallest positive root of the equation r · dJ (2)ν (r; q)/dr = 0. Also from [8, eq. (2.2)] we
have that
(3.1) Bν(z, q) = 2
νcν(q)
νzν−1
dJ
(2)
ν (z; q)
dz
=
∏
n≥1
(
1− z
2(
j′ν,n(q)
)2
)
.
In addition, by using the definition of the Jackson q-Bessel function we obtain
(3.2) Bν(z, q) = 2
νcν(q)
νzν−1
dJ
(2)
ν (z; q)
dz
=
∑
n≥0
(−1)n(2n+ ν)qn(n+ν)
ν22n(q; q)n(qν+1; q)n
z2n.
Now, taking the logarithmic derivative of (3.1) we get
(3.3)
B′ν(z, q)
Bν(z, q) = −2
∑
k≥0
∆k+1z
2k+1, |z| < j′ν,1(q),
where ∆k =
∑
n≥1
(
j′ν,n(q)
)−2k
. On the other hand, by considering (3.2) we obtain that
(3.4)
B′ν(z, q)
Bν(z, q) =
∑
n≥0
ǫnz
2n+1
/∑
n≥0
µnz
2n,
where
ǫn =
(−1)n+1(2n+ ν + 2)(n+ 1)q(n+1)(n+ν+1)
ν22n+1(q; q)n+1(qν+1; q)n+1
and µn =
(−1)n(2n+ ν)qn(n+ν)
ν22n(q; q)n(qν+1; q)n
.
By equating (3.3) and (3.4) and making the Cauchy product we obtain the following Euler -Rayleigh
sums ∆k =
∑
n≥1
(
j′ν,n(q)
)−2k
in terms of ν and q for k ∈ {1, 2}. Namely,
∆1 =
(ν + 2)qν+1
4ν(1− q)(1− qν+1) ,
and
∆2 =
q2ν+2
(
(ν + 2)2q − 2ν(ν + 4)q2 − (ν + 2)2qν+2 + (ν2 + 4ν − 4)qν+3 + (ν + 2)2)
16ν2(1− qν+1)(qν+2 − 1)(1− q)2(1 + q) .
By considering the above Euler-Rayleigh sums and using the Euler-Rayleigh inequalities
∆
− 1
k
k <
(
j′ν,1(q)
)2
<
∆k
∆k+1
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for ν > −1 we get the following inequality
4ν
(
qν+1 − 1) (q − 1)
qν+1(ν + 2)
<
(
r∗
(
f (2)ν (z; q)
))2
<
4ν(ν + 2)
(
qν+1 − 1) (qν+2 − 1) (q2 − 1)
qν+1 ((ν + 2)2(1 + q − qν+2)− 2ν(ν + 4)q2 + (ν2 + 4ν − 4)qν+3) .
It is possible to have more tighter bounds for the radius of starlikeness of the normalized q-Bessel function
f
(2)
ν for other values of k, but it would be quite complicated, this is why we restricted ourselves to the
first Euler-Rayleigh inequality. 
Proof of Theorem 2. In view of [8, Theorem 1] we know that the radius of starlikeness of the function
g
(2)
ν (·; q) is the smallest positive root of the equation r · dJ (2)ν (r; q)/dr− (ν − 1)J (2)ν (r; q) = 0. Now, recall
that the zeros jν,n(q), n ∈ N, of the Jackson q-Bessel function are all real and simple, according to [18,
Theorem 4.2]. Then, the function g
(2)
ν (·; q) belongs to the Laguerre-Po´lya class LP of real entire functions.
Since LP is closed under differentiation the function z 7→ dg(2)ν (z; q)/dz belongs also to the class LP.
Hence the function z 7→ dg(2)ν (z; q)/dz has only real zeros. Also its growth order ρ is 0, that is
ρ = lim
n→∞
n logn
2n log 2 + log(q; q)n + log(qν+1; q)n − log(2n+ 1)− n(n+ ν) log q = 0,
since as n → ∞ we have (q; q)n → (q; q)∞ < ∞ and (qν+1; q)n → (qν+1; q)∞ < ∞. Now, by applying
Hadamard’s Theorem [24, p. 26] we obtain
φν(z; q) =
dg
(2)
ν (z; q)
dz
=
∏
n≥1
(
1− z
2
α2ν,n(q)
)
,
where αν,n(q) is the nth zero of the function φν(·; q). Now, via logarithmic derivation of φν(·; q) we obtain
(3.5)
φ′ν(z; q)
φν(z; q)
= −2
∑
k≥0
δk+1z
2k+1, |z| < αν,1(q),
where δk =
∑
n≥1 (αν,n(q))
−2k
. Also, by using the infinite sum representation of φν we get
(3.6)
φ′ν(z; q)
φν(z; q)
=
∑
n≥0
unz
2n+1
/∑
n≥0
vnz
2n,
where
un =
(−1)n+1(2n+ 2)(2n+ 3)q(n+1)(n+ν+1)
22n+2(q; q)n+1(qν+1; q)n+1
and vn =
(−1)n(2n+ 1)qn(n+ν)
22n(q; q)n(qν+1; q)n
.
By comparing (3.5) and (3.6) and matching all terms with the same degree we have the following Euler-
Rayleigh sums δk =
∑
n≥1 α
−2k
ν,n (q) in terms of ν and q. That is,
δ1 =
3qν+1
4(qν+1 − 1)(q − 1) ,
δ2 = − q
2ν+2(9q − 9qν+2 + qν+3 − 10q2 + 9)
16(qν+1 − 1)2(qν+2 − 1)(q − 1)2(q + 1)
and
δ3 =
3q3(ν+1)(9q − 9qν+2 + qν+3 − 10q2 + 9)
64(qν+1 − 1)3(qν+2 − 1)(qν+3 − 1)(q − 1)3q∗1(ν)
.
Now, by considering these Euler-Rayleigh sums in the known Euler-Rayleigh inequalities
δ
− 1
k
k < α
2
ν,1(q) <
δk
δk+1
for ν > −1 and k ∈ {1, 2} we obtain the inequalities of this theorem. 
Proof of Theorem 3. By putting α = 0 in part c of [8, Theorem 1] we have that the radius of starlike-
ness r∗
(
h
(2)
ν (z; q)
)
of the function h
(2)
ν (·; q) is the smallest positive root of the equation r ·dJ (2)ν (r; q)/dr−
(ν − 2)J (2)ν (r; q) = 0. It is known that the function
(3.7) Ψν(z; q) = dh
(2)
ν (z; q)/dz =
∑
n≥0
(−1)n(n+ 1)znqn(n+ν)
22n(q; q)n(qν+1; q)n
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is an entire function of order ρ = 0, because
lim
n→∞
n logn
log(q; q)n + log(qν+1; q)n + 2n log 2− n(n+ ν) log q − log(n+ 1) = 0
since as n → ∞ we have (q; q)n → (q; q)∞ < ∞ and (qν+1; q)n → (qν+1; q)∞ < ∞. Moreover, we know
that the zeros βν,n(q), n ∈ N, of the function z 7→ dh(2)ν (z; q)/dz are real when ν > −1, according to [8,
Lemma 6]. Now, by applying Hadamard’s Theorem [24, p. 26] we get
(3.8) Ψν(z; q) = dh
(2)
ν (z; q)/dz =
∏
n≥1
(
1− z
β2ν,n(q)
)
.
From (3.7) we have
(3.9)
Ψ′ν(z; q)
Ψν(z; q)
=
∑
n≥0
tnz
n
/∑
n≥0
mnz
n,
where
tn =
(−1)n+1(n+ 2)(n+ 1)q(n+1)(n+ν+1)
22n+2(q; q)n+1(qν+1; q)n+1
and mn =
(−1)n(n+ 1)qn(n+ν
22n(q; q)n(qν+1; q)n
.
Also, taking the derivative of (3.8) logarithmically we get
(3.10)
Ψ′ν(z; q)
Ψν(z; q)
= −
∑
k≥0
Θk+1z
k, |z| < β2ν,1(q),
where Θk =
∑
n≥1 β
−2k
ν,n (q). Now, it is possible to state the Euler-Rayleigh sums Θk =
∑
n≥1 β
−2k
ν,n (q) in
terms of ν and q. By comparison of the coefficients of (3.9) and (3.10) we obtain
Θ1 =
qν+1
2(1− q)(1 − qν+1) and Θ2 =
q2ν+2(2q − 2qν+2 + qν+3 − 3q2 + 2)
8(qν+1 − 1)(1− qν+2)(q − 1)2(q + 1) .
By considering the Euler-Rayleigh inequalities
Θ
− 1
k
k < r
∗
(
h(2)ν (z; q)
)
<
Θk
Θk+1
for ν > −1 and k ∈ {1, 2} we get the following inequalities
2(1− q)(1 − qν+1)
qν+1
< r∗
(
h(2)ν (z; q)
)
<
4(qν+1 − 1)(qν+2 − 1)(1− q2)
qν+1 (2q − 2qν+2 + qν+3 − 3q2 + 2)
and√
8(qν+1 − 1)2(1− qν+2)(q − 1)2(q + 1)
q2ν+2 (2q − 2qν+2 + qν+3 − 3q2 + 2) < r
∗
(
h(2)ν (z; q)
)
<
4(qν+1 − 1)(qν+3 − 1)(q3 − 1)
qν+1
q2
∗(ν).

Proof of Theorem 4. By taking α = 0 in part a of [8, Theorem 1] we have that the radius of starlikeness
r∗
(
f
(3)
ν (z; q)
)
of the function f
(3)
ν (·; q) is the smallest positive root of the equation r · dJ (3)ν (r; q)/dr = 0.
Also, from the equation (2.2) in [8] we have that
(3.11) Kν(z, q) = cν(q)
νzν−1
dJ
(3)
ν (z; q)
dz
=
∏
n≥1
(
1− z
2(
l′ν,n(q)
)2
)
.
On the other hand, by using the infinite sum representation of the Hahn-Exton q-Bessel function we
obtain
(3.12) Kν(z, q) = cν(q)
νzν−1
dJ
(3)
ν (z; q)
dz
=
∑
n≥0
(−1)n(2n+ ν)q 12n(n+1)
ν(q; q)n(qν+1; q)n
z2n.
Taking the logarithmic derivative of (3.11) we have
(3.13)
K′ν(z, q)
Kν(z, q) = −2
∑
k≥0
ξk+1z
2k+1, |z| < l′ν,1(q),
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where ξk =
∑
n≥
(
l′ν,n(q)
)−2k
. By using the expression (3.12) we write
(3.14)
K′ν(z, q)
Kν(z, q) =
∑
n≥0
snz
2n+1
/∑
n≥0
pnz
2n,
where
sn =
(−1)n+12(n+ 1)(2n+ ν + 2)q 12 (n+1)(n+2)
ν(q; q)n+1(qν+1; q)n+1
and pn =
(−1)n(2n+ ν)q 12n(n+1)
ν(q; q)n(qν+1; q)n
.
Now, it is possible to express the Euler-Rayleigh sums ξk =
∑
n≥
(
l′ν,n(q)
)−2k
in terms of ν and q. By
matching the coefficients of the equalities (3.13) and (3.14) we get
ξ1 =
q(ν + 2)
ν(1 − q)(1 − qν+1) and ξ2 = q
2
(
(1 + q)(1− qν+2)(ν + 2)2 − 2ν(ν + 4)q(1− qν+1)
ν2(1 − q)2(1 + q)(1− qν+1)2(1− qν+2)
)
.
By considering the above Euler-Rayleigh sums in the Euler-Rayleigh inequalities
ξ
− 1
k
k < r
∗
(
f (3)ν (z; q)
)
<
ξk
ξk+1
for ν > 0 and k = 1 we have the following inequality
ν(1− q)(1 − qν+1)
q(ν + 2)
< r∗
(
f (3)ν (z; q)
)2
<
ν(ν + 2)(1− q2)(1− qν+1)(1− qν+2)
q ((1 + q)(1 − qν+2)(ν + 2)2 − 2ν(ν + 4)q(1− qν+1)) .

Proof of Theorem 5. By virtue of part b of [8, Theorem 1] the radius of starlikeness r∗
(
g
(3)
ν (z; q)
)
of
the function g
(3)
ν (·; q) is the smallest positive root of the equation r · dJ (3)ν (r; q)/dr− (ν− 1)J (3)ν (r; q) = 0.
Now, recall that the zeros jν,n(q), n ∈ N, of the Hahn-Exton q-Bessel function are all real and simple,
according to [18, Theorem 4.2]. Then, the function g
(3)
ν (·; q) belongs to the Laguerre-Po´lya class LP of
real entire functions. Since LP is closed under differentiation the function
(3.15) z 7→ Φν(z; q) = dg
(3)
ν (z; q)
dz
=
∑
n≥0
(−1)n(2n+ 1)q 12n(n+1)
(q; q)n(qν+1; q)n
z2n
belongs also to the class LP . Hence the function z 7→ dg(3)ν (z; q)/dz has only real zeros. Also its growth
order ρ is 0, that is
ρ = lim
n→∞
n logn
log(q; q)n + log(qν+1; q)n − 12n(n+ 1) log q − log(2n+ 1)
= 0,
since as n → ∞ we have (q; q)n → (q; q)∞ < ∞ and (qν+1; q)n → (qν+1; q)∞ < ∞. Due to Hadamard’s
Theorem [24, p. 26] we have
(3.16) Φν(z; q) =
∏
n≥
(
1− z
2
γ2ν,n(q)
)
.
If we consider the equality (3.15) we can write that
(3.17)
Φ′ν(z; q)
Φν(z; q)
=
∑
n≥0
knz
2n+1
/∑
n≥0
lnz
2n,
where
kn =
(−1)n+1(2n+ 2)(2n+ 3)q 12 (n+1)(n+2)
(q; q)n+1(qν+1; q)n+1
and ln =
(−1)n(2n+ 1)q 12n(n+1)
(q; q)n(qν+1; q)n
.
In addition, by using the logarithmic derivative of both sides of (3.16) we have
(3.18)
Φ′ν(z; q)
Φν(z; q)
= −2
∑
k≥0
Sk+1z
2k+1, |z|< γν,1(q),
where Sk =
∑
n≥1 γ
−2k
ν,n (q). Now, it is possible to express the Euler-Rayleigh sums Sk =
∑
n≥1 γ
−2k
ν,n (q)
in terms of ν and q. By matching the coefficients of the equalities (3.17) and (3.18) we get
S1 =
3q
(1 − q)(1− qν+1) , S2 =
q2(9qν+3 − qν+2 + q − 9)
(qν+1 − 1)2(qν+2 − 1)(q − 1)2(q + 1)
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and
S3 =
3q3(9qν+3 − qν+2 + q − 9)
(qν+1 − 1)3(qν+2 − 1)(qν+3 − 1)(q − 1)3q3∗(ν) .
By considering the above Euler-Rayleigh sums in the Euler-Rayleigh inequalities
S
− 1
k
k <
(
r∗
(
g(3)ν (z; q)
))2
<
Sk
Sk+1
for ν > −1 and k ∈ {1, 2} we have the following inequalities√
(1− q)(1− qν+1)
3q
< r∗
(
g(3)ν (z; q)
)
<
√
3(qν+1 − 1)(qν+2 − 1)(q2 − 1)
q(9qν+3 − qν+2 + q − 9)
and
4
√
(qν+1 − 1)2(q − 1)2(qν+2 − 1)(q + 1)
q2(9qν+3 − qν+2 + q − 9) < r
∗
(
g(3)ν (z; q)
)
<
√
(q − 1)(qν+1 − 1)(qν+3 − 1)
3q(q + 1)
q3∗(ν).

Proof of Theorem 6. Thanks to part c of [8, Theorem 1] we know that the radius of starlikeness
r∗
(
h
(3)
ν (z; q)
)
of the function h
(3)
ν (·; q) is the smallest positive root of the equation r · dJ (3)ν (r; q)/dr −
(ν − 2)J (3)ν (r; q) = 0. On the other hand, with the help of the infinite sum representation of the Hahn-
Exton q-Bessel function the function z 7→ dh(3)ν (z; q)/dz can be written as an infinite sum as follow:
(3.19) Υν(z; q) =
dh
(3)
ν (z; q)
dz
=
∑
n≥0
(−1)n(n+ 1)q 12n(n+1)
(q; q)n(qν+1; q)n
zn.
Also its growth order ρ is 0, that is
ρ = lim
n→∞
n logn
log(q; q)n + log(qν+1; q)n − 12n(n+ 1) log q − log(n+ 1)
= 0,
since as n → ∞ we have (q; q)n → (q; q)∞ < ∞ and (qν+1; q)n → (qν+1; q)∞ < ∞. In addition, it is
known that the zeros γν,n(q) of the function Υν(z; q) are real for ν > −1 and n ∈ N, according to [8,
Lemma 6]. By applying Hadamard’s Theorem [24, p. 26] we have
(3.20) Υν(z; q) =
∏
n≥1
(
1− z
γ2ν,n(q)
)
.
Now, using the equality (3.19) we have
(3.21)
Υ′ν(z; q)
Υν(z; q)
=
∑
n≥0
xnz
n
/∑
n≥0
ynz
n,
where
xn =
(−1)n+1(n+ 1)(n+ 2)q 12 (n+1)(n+2)
(q; q)n+1(qν+1; q)n+1
and yn =
(−1)n(n+ 1)q 12n(n+1)
(q; q)n(qν+1; q)n
.
Then, taking the logarithmic derivative of (3.20) we get
(3.22)
Υ′ν(z; q)
Υν(z; q)
= −
∑
k≥0
σk+1z
k, |z| < γ2ν,1(q),
where σk =
∑
n≥1 γ
−2k
ν,n (q). By comparing all coefficients of (3.21) and (3.22) it is possible to express the
Euler-Rayleigh sums σk =
∑
n≥1 γ
−2k
ν,n (q) in terms of ν and q. Namely,
σ1 =
6q3
(q − 1)(1− q2)(1− qν+1)(1 − qν+2) , σ2 =
2q2(q − qν+2 + 2qν+3 − 2)
(qν+1 − 1)2(qν+2 − 1)(q − 1)2(q + 1)
and
σ3 =
2q3(q − qν+2 + 2qν+3 − 2)
(qν+1 − 1)3(qν+2 − 1)(1− qν+3)(q − 1)3q∗4(ν)
.
Now, applying the Euler-Rayleigh inequalities
σ
− 1
k
k < r
∗
(
h(3)ν (z; q)
)
<
σk
σk+1
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for k ∈ {1, 2} we get the following inequalities
(q − 1)(1− q2)(1− qν+1)(1− qν+2)
6q3
< r∗
(
h(3)ν (z; q)
)
<
(q2 − 1)(qν+1 − 1)(qν+2 − 1)
q(q − qν+2 + 2qν+3 − 2)
and
(q − 1)(qν+1 − 1)
2q
√
2(qν+2 − 1)(q + 1)
q − qν+2 + 2qν+3 − 2 < r
∗
(
h(3)ν (z; q)
)
<
(qν+1 − 1)(qν+3 − 1)(1− q)
q(q + 1)
q4
∗(ν).

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